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Chapter 1 Executive Summary

The objective of Thermal Freetop is to relieve the pain in the process of constructing
thermal model, so eventually it will be a integral finite element simulation software with
the necessary characteristics. The users don’t need to switch from one package to another,
since everything is included.

1

Chapter 2 Introduction

Thermal management is extremely complicated since all subsystems are required to work in
a specific temperature range. If the temperature exceeds the operating temperature ranges
then the performace of the devices drop. Even worse is that if the temperature is outside
the survival temperature range, the devices just crash and the whole mission may fail.
The main task of thermal management is to keep the temperature where the subsystems
work in the appropriate range. To achieve this many factors have to be taken in to account:
1. The geometry of the spacecraft.
2. The material properties of the structure.
3. The connections (fasteners) between all subsystems.
4. The waste heat generated by the subsystems.
5. The heat path to absorb or dissipate heat.
The thermal design involves so many aspects that it is very difficult to complete it totally
by solving the partial differential equations with the complex boundary conditions by
hands. The engineers always need the assistance of computer numerical analysis. Thermal
Desktop is a well-known commercial one in this area.
Thermal Desktop is a powerful spacecraft thermal analysis software in the sense that it is
able to simulate the heat transfer behaviour incluing that in the space radiation
environment.
However, it requires license, and there are many details to be careful of in the process of
building the model. Users always spend most of their time learning the software rather
than doing thermal analysis.
The objective of this project is to develop a user-friendly, intuitive and reliable free open
source spacecraft thermal analysis package which is open to individuals who are interested
in spacecraft thermal analysis.
The newly-developed thermal simulation software is named as Thermal Freetop.
2

Figure 2.1: The developer information of Thermal Freetop.

3

Chapter 3 Relevant Technical Issues

To develope Thermal Freetop, the basic knowledge of the areas listed below are needed:
1. Heat transfer: without understanding the physics of heat transfer, it is likely that the
developers can’t spot the wrong solution from their simulation software.
2. Astrodynamics: thermal management of spacecraft involves the dynamics of
spacecraft since the developers need the relative position and orientation between the
components and the radiating source to define the boundary conditions.
3. Partial differential equations (PDEs): with the knowledge of PDEs, the developers
can figure out the necessary characterics of the simulation software.
4. Numerical analysis: with the knowledge of numerical analysis, the developers can
have a big picture of what should be added to the software package.
5. Python programming: FreeCAD is the main frame of Thermal Freetop, and it is
open for 3rd party developer to extend its functionalities. FreeCAD is mainly based
on Python language, so it is a must that the developers have the skills of python
programming.
6. Graphical user interface design: with the skill the developers can produce
user-friendly and intuitive interface.
The main challenges are that the developers need many skills and enough time to get
things done.

4

Chapter 4 Design Tradeoffs

Developing software is a long-term run and it always takes much more time than that
expected in the first place. Also it is not pragmatic to expect things could be done from
the scratch by only one person.
Thus, instead of creating everything on my own, Thermal Freetop works on the top of
other great works from different groups of developers:
1. CAD software (main frame): FreeCAD.
2. Finite element solver: ElmerSolver, ElmerGrid.
3. Mesher and preprocessor: Salome-platform.
4. Visualization of data: Paraview.
5. Astrodyanmics simulation software: GMAT, 42.

5

Chapter 5 Design Implementations

As what is mentioned in the previous chapters, Thermal Freetop works on the top of many
fantastic and useful open-source, free software packages from other groups.
The main contribution of this project is in that it combines different software packages and
tries to integrate them to make a new one. Thermal Freetop is expected to be useful and
able to relieve the pain of switching from one software to another to get thermal analysis
done.
Thermal Freetop is mainly programmed with PyQt4, a graphical user interface design
library linked with Python, and it is able to call other packages to perform specific
functions.
Figure-5.1 is an example of the PyQt4 code used to show the information of the developer.

Figure 5.1: An example of PyQt4 code of Thermal Freetop.

5.1 FreeCAD: The Main Frame of Thermal Freetop and the CAD Software
Figure-5.2 indicates the logo of FreeCAD, the main frame of Thermal Freetop.
6

Figure 5.2: Logo of FreeCAD.
”FreeCAD is a parametric 3D model software package produced primarily to design
engineering objects of any size. Parametric modeling allows the users to easily modify the
design by going back into your model history and changing its parameters. FreeCAD is
open-source and highly customizable, scriptable and extensible.”[2]

Figure 5.3: The tool provided by FreeCAD to add user-defined module to it.

Figure 5.4: Thermal Freetop as a module in FreeCAD.
Also, it is open to any developer who wants to contribute to it. As figure-5.3 shows, there
is a tool to add the user defined module with (”fcbt”).
Thermal Freetop can be a module of FreeCAD by following specific programming rules
made by FreeCAD development team (figure-5.4).
5.2 GMAT and 42: The Trajectory Simulation Software
The trajectory and attitude are important to spacecraft thermal simulation. Since the
radiated heat absorbed and emitted by the spacecraft depends on the relative position and
7

orientation. Different orbits also lead to different radiation environment.
One option provided by Thermal Freetop to run astrodynamics simulation is GMAT
(figure-5.5).
”The General Mission Analysis Tool (GMAT) is the worlds only enterprise, multi-mission,
open source software system for space mission design, optimization, and navigation.” [3]

Figure 5.5: Logo of GMAT.

Figure 5.6: An example of simulation of GMAT called by Thermal Freetop.
Combining the GMAT could help with the determination of the heat environmet
(figure-5.6).
In Thermal Freetop, besides GMAT, the users can also choose to use ”42” [4] to run the
astrodynamics simulation. What’s more, the model built in FreeCAD can be directly
exported to 42 executable and show on the screen (figure-5.7).
8

Figure 5.7: An example of simulation of 42 called by Thermal Freetop.

5.3 Salome: The Preprocessor
Generally, the heat transfer equation is a partail differential equation with different
boundary conditions. Finite element method (FEM) is widely used in solving such
equations.
The usual steps for running FEM is:
1. Create the CAD model.
2. Mesh it.
3. Pick the equation to solve. In our case, it is the heat equation.
4. Apply material properties to the meshed model.
5. Set boundary conditions (temperature, heat flux, radiation and etc.).
6. Solve it.
7. Analyse the data.
There are many useful free, open-source mesh software packages (netgen, gmsh, etc.),
and Thermal Freetop integrates an excellent integral package called Salome
(figure-5.8).

9

Figure 5.8: Logo of Salome.

”SALOME is an open-source software that provides a generic platform for Pre- and
Post-Processing for numerical simulation. It is based on an open and flexible architecture
made of reusable components.” [5]

Figure 5.9: Mesh dialog of Thermal Freetop.

Thermal Freetop has an built-in dialog with which the users can pick the model to mesh
and the directory where the meshed model will be (figure-5.9). If the users check the
10

”import the mesh when complete” check box, the meshed model will be imported right
after the meshing is complete (figure-5.10).

Figure 5.10: Example of meshed model generated in Salome and imported back to Thermal
Freetop: RoySat.

5.4 ElmerSolver: The Finite Elment Solver
To solve the heat equation numerically, the users need a solver. Thermal Freetop picks
”ElmerSolver” (figure-5.11).

Figure 5.11: Logo of ElmerSolver.

”Elmer is an open source multiphysical simulation software mainly developed by CSC - IT
Center for Science (CSC). Elmer development was started 1995 in collaboration with
11

Finnish Universities, research institutes and industry. After it’s open source publication in
2005, the use and development of Elmer has become international.
Elmer includes physical models of fluid dynamics, structural mechanics, electromagnetics,
heat transfer and acoustics, for example. These are described by partial differential
equations which Elmer solves by the Finite Element Method (FEM).” [6]
ElmerSolver has a well-editted model manual to help the users be familiar with that [7].
In Thermal Freetop, the CAD model is created or imported with FreeCAD, meshed with
the tool Salome, applied the material properties (figure-5.12, figure-5.13, figure-5.14, 5.15,
and figure-5.17), boundary conditions (figure-5.16), and the Thermal Freetop ”sif file”
manager (figure-5.18) generates the setting file required by ElmerSolver to function.

Figure 5.12: The table of mechanical properties in Thermal Freetop.

Figure 5.13: The table used to add new materials in Thermal Freetop.

12

Figure 5.14: The table of optical properties in Thermal Freetop.

Figure 5.15: The table used to add new optical properties in Thermal Freetop.
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Figure 5.16: The interface used to edit the boundary properties.
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Figure 5.17: The interface used to edit the bulk properties.

15

Figure 5.18: The sif file manager in Thermal Freetop.

5.5 Paraview: The Postprocessor
The solutions generated by Thermal Freetop are numbers, and they are not readable.
Thus, Thermal Freetop has Paraview as the data visualization tool to graphically display
the solutions. (figure-5.19).

Figure 5.19: Logo of Paraview.

”ParaView is an open-source, multi-platform data analysis and visualization application.
ParaView users can quickly build visualizations to analyze their data using qualitative and
quantitative techniques. The data exploration can be done interactively in 3D or
programmatically using ParaViews batch processing capabilities.” [8]
16

Figure-5.20 and figure-5.21 show the data obtained from an example case.

Figure 5.20: An example of data visualized with Paraview, which is called by Thermal
Freetop: front view of RoySat.
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Figure 5.21: An example of data visualized with Paraview, which is called by Thermal
Freetop: rear view of RoySat.
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Chapter 6 Results

Thermal Freetop is now close to an independent software package. It has almost everything
required by a FEM software package (CAD, preprocessor, solver, and postprocessor).
The main objective of this project is almost done.
The remaining is tedious work. For example, the rearrangement of codes, the data reading
interface for getting results from GMAT and 42, and the implementation of conversion
from trajectory data to the radiation environment data.
Although the functions are not all implemented yet, I have a big picture about what to do.

19

Chapter 7 Conclusion and Recommendations

By working on this project, I learned that:
1. Plan early, and take action.
2. A good plan in the first place can save lots of time and effort.
3. Always be resilient, since things are often subject to change.
4. Always record or take notes of the progress and change, since we can’t know when
we’ll need it, and we often need to review what we did to fix unexpected problems.
I also realized that developing a software package always takes much more time than that
expected. For example, there is always weird error which gives the message seeming not
relevant. When encountering such conditions, to check things from the beginning is always
a good tactic.
Furthermore, it is almost impossible to develop a software package by just one person.
Take Thermal Freetop for example, it works on the top of a lot of great work of different
groups. I appreciate their efforts and work.
At this point, I could say that the project is successful since it has almost everything I
planned to implement in the beginning. The remaning is nothing but labor to get the code
to be more efficient or easier to maintain.
If I get other chances to work on similar projects, I will pay more attention to the schedule
to make sure that I’m on track.

20

Chapter 8 Partial Differential Equation Form of Heat Conduction in Cartesian
Coordinate System

Thermal Freetop is a finite element method (FEM) tool to help with engineering thermal
management design numerically. Before we take a look at the steps of running simulations,
we need to realize that what we are exactly solving.
8.1 Purposes of Finite Element Method (FEM)
When it comes to simulation, generally it means that we sovle the governing equations with
specific conditions to get the solutions (in our case, it is the temperature distribution).
Finite element method (FEM) is a popular numerical tool serving such purposes. It is
widely used in solid mechanics, fluid mechanics, electromagnetic field , and heat transfer
problems.
The governing equations covering the heat transfer are sets of partial differential equations
with boundary conditions.
We are goning to take look at how these equations are obtained in section-8.2.
8.2 Derivation of Heat Conduction Equations
To derive the general form of heat conduction equations in the Cartesian coordinate
system, we start from two basic theorems:
1. Conservation of energy
2. Fourier’s law of heat conduction
Conservation of energy implies that the total amount of heat entering, leaving and heat
generated inside a system must be equal to the total energy change due to heat in the same
sysem (figure-8.1):
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Figure 8.1: Element for deriving heat conduction equation.

Q̇x + Q̇y + Q̇z − Q̇x+∆x − Q̇y+∆y − Q̇z+∆z + Ėgen =

∆Eelement
∆t

(8.1)

where Q̇x , Q̇y and Q̇z are the rates of heat conduction at x, y, and z respectively; Q̇x+∆x ,
Q̇y+∆y and Q̇z+∆z are the rates of heat conduction at x + ∆x, y + ∆y, and z + ∆z
respectively; Ėgen is the rate of heat generated in the element, and ∆Eelement /∆t is the rate
of change of thermal energy in the element.
We could connect the energy variation ∆Eelement and the heat generated Ėgen with density
ρ, specific heat capacity c, temperature T , and the volume of the element V (= ∆x∆y∆z):
∆Eelement = Et+∆t − Et = mc(Tt+∆t − Tt ) = ρc(∆x∆y∆z)(Tt+∆t − Tt )

(8.2)

Ėgen = ėgen V = ėgen (∆x∆y∆z)

(8.3)

and

where ėgen is the heat generated per unit volume.
Thus, equation-8.1 can be expressed in the following form:
Q̇x + Q̇y + Q̇z − Q̇x+∆x − Q̇y+∆y − Q̇z+∆z + ėgen (∆x∆y∆z) = ρc(∆x∆y∆z)
22

Tt+∆t − Tt
(8.4)
∆t

Divide equation-8.4 by ∆x∆y∆z and we get:

1 Q̇x − Q̇x+∆x
1 Q̇y − Q̇y+∆y
1 Q̇z − Q̇z+∆z
Tt+∆t − Tt
+
+
+ ėgen = ρc
. (8.5)
∆y∆z
∆x
∆x∆z
∆y
∆y∆x
∆z
∆t
Then we take the element and time interval to be extremely small (lim ∆x → 0,
lim ∆y → 0, lim ∆z → 0 and lim ∆t → 0) and equation-8.5 becomes
−1 ∂ Q̇x
−1 ∂ Q̇y
−1 ∂ Q̇z
∂T
+
+
+ ėgen = ρc .
∆y∆z ∂x
∆x∆z ∂y
∆y∆x ∂z
∂t

(8.6)

Recall that the Fourier’s law of heat conduction states that:
"

#

−1 ∂ Q̇x
−1 ∂
∂T
∂
∂T
=
−k(∆y∆z)
=
k
∆y∆z ∂x
∆y∆z ∂x
∂x
∂x
∂x

!

(8.7)

The derivations in the y and z-directions are of the same manner, so we finally get the
three-dimension heat conduction equation in partial differential form:
∂
∂T
k
∂x
∂x

!

∂
∂T
+
k
∂y
∂y

!

∂
∂T
+
k
∂z
∂z

!

+ ėgen = ρc

∂T
∂t

(8.8)

If the heat conductivity k is a constant, then we can divide equation-8.8 by k and get:
∂ 2T
∂ 2T
∂ 2T
ėgen
1 ∂T
+
+ 2 +
=
2
2
∂x
∂y
∂z
k
α ∂t
where α ≡

k
ρc

(8.9)

is defined as the thermal diffusivity.

Equation-8.9 is called the Fourier-Biot equation.
8.3 The One-Dimensional and Steady-State Heat Conduction Equation without
Heat Generated
In section-8.2 we have derived the partial differential equation form of heat conduction
equation in Cartesian coordinte system. Now we want to consider a special case of
one-dimensional and steady-state heat conduction equation without heat generated.
”One-dimensional” implies that the solutions of partial differential equations (i.e. the
temperature in our case) only vary with respect to one variable in the coordiante systems.
In this case we pick x-axis as the direction through which the temperature distribution
changes, which means:
∂
(T ) = 0
∂y
23

(8.10)

and:
∂
(T ) = 0
∂z

(8.11)

Thus, equation-8.8 becomes:
∂T
∂
k
∂x
∂x

!

+ ėgen = ρc

∂T
∂t

(8.12)

”Steady-state” means that the system will reach a state that the temperature distribution
doesn’t change with respect to time anymore, which means:
∂
(T ) = 0
∂t

(8.13)

Due to the steady-state condition, equation-8.12 can be further simplified to
∂
∂T
k
∂x
∂x

!

+ ėgen = 0

(8.14)

Also, we introduce the condition where there is no heat generated inside the system, so
ėgen = 0

(8.15)

Eventually, we obtain the special case of heat conduction equation
∂
∂T
k
∂x
∂x

!

=0

(8.16)

8.4 An Example of Solving One-Dimensional and Steady-State Heat Conduction
In section-8.3 we derived the one-dimensional and steady-state heat conduction equation
without heat generated inside the system.
What follows that is examples of solving equation-8.16 for the system depicted in figure-8.2
We are going to solve problems of such type analytically and numerically (with Thermal
Freetop), and compare the results.
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Figure 8.2: Schematic of the 1-D and steady-state heat conduction example problem 1.

In figure-8.2 we have:
1. Q̇in : the given heat flux entering the system in the plane at x = x1
2. A: the area of the plane where the heat flux Q̇in enters the system; also, A is the
cross section area of the system
3. T (x1 ): the temperature at x = x1 , which is going to be determined from the
calculation
4. T (x2 ): the temperature at x = x2 , which is a given boundary condition (T (x2 ) = Tc ,
where Tc is known)
5. k: thermal conductivity of the system, which is a constant in this case
Equation-8.16 is going to be solved with the following boundary conditions:
∂
(T )
1. Q̇in = −kA ∂x

2. T (x2 ) = Tc
To solve equation-8.16, we integrate it twice and get:

k

∂
(T ) = C1
∂x
25

(8.17)

and
kT = C1 x + C2

(8.18)

where C1 and C2 are integral constants to be determined with the boundary conditions.
With the heat flux boundary condition we know that

C1 = −

Q̇in
A

(8.19)

and from the temperature boundary condition at x = x2 we could conclude that
kTc = −

Q̇in
x2 + C 2 ,
A

(8.20)

thus, we get C1 = −Q̇in /A and C2 = kTc + (Q̇in /A)x2 .
The complete solution is

!

!

Q̇in
Q̇in
x + Tc +
x2
T (x) = −
kA
kA

(8.21)

!

Q̇in
= Tc +
(−x + x2 ).
kA

(8.22)

Thus, the temperature at x = x1 is:
!

Q̇in
T (x1 ) = Tc +
(−x1 + x2 )
kA

(8.23)

8.5 Example 01: A Single Bar with Heat Flux on the Bottom Side and Fixed
Temperature on the Top Side as Boundary Conditions(BCs)
In this section we are going to solve the heat conduction equation with the parameters
listed in table-8.1 to get the temperatrue of the side where the heat flux enters the bar.
This is an one-dimensional (we assume that the lateral sides are insulated, thus there is no
mass or energy exchange on the lateral sides), steady-state (the parameters don’t vary with
respect to time, so it is expected that the temperature distribution will reach a state where
it won’t change any more) problem.
26

We will walk through the procedure of Thermal Freetop, and show the user what to do to
solve such problem. We will also verify the solution from Thermal Freetop with the
analytical solution by applying the parameter in table-8.1 to equation-8.23.
Table 8.1: Parameters needed for example 01.
Heat flux
Surface area
Length of material
Heat input
Temperature as BC
Thermal conductivity of material 1

h[W/m2 ]
100
A[m2 ]
0.01
L[m]
1
Q̇in [W ]
1
Tc [K]
273
k [W/(K × m)] 237 (Aluminum)

(a) Side view of system in example 01. (b) Top view of system in example 01.

Figure 8.3: Dimensions of example 01.
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Figure 8.4: Meshed model of example 01.

8.5.1 Solving Example 01 with Thermal Freetop
To solve the problem, the steps are listed below:
1. Check material: go to ”Thermal” tab in Thermal Freetop, drop the menu and click
”Mechanical Properties” (figure-8.5)
2. Pick the body to apply the material: select ”Body1”, go to ”Thermal” tab, drop the
menu, click ”Edit FEM Object” and pick ”Aluminum (generic)” (figure-8.6).
3. Pick the bottom side and top side to add boundary conditions: select the boundaries
we want to apply boundary conditions, go to ”Thermal” tab, drop it, click ”Edit
FEM Object”, and set the boundary conditions of heat flux and temperature.
(figure-8.7 and figure-8.8)
4. Set the simulation and run it: go to ”Thermal” tab, drop the menu, click ”Simulation
Setting”, click ”Update”, and click ”Run”. (figure-8.9)
5. Read the data: go to ”Thermal” tab, drop the menu, move the cursor to
”Post-Processor” and click ”Paraview running”. (figure-8.10)

28

Figure 8.5: The materials we have.

Figure 8.6: Apply the material to the system of example 01.
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Figure 8.7: Edit the boundary condition: heat flux.
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Figure 8.8: Edit the boundary condition: fixed temperature.
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Figure 8.9: Edit the simulation file: sif file and run it.
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Figure 8.10: The visualization of result. The temperature to be determined is about 273.422
K.

8.5.2 Discussion
The numerical solution of this example on the plane where heat flux entering the system is
about 273.422 K.
By solving equation-8.23, we get:


T (x1 ) = 273 +

100 × 0.01
× 1 = 273 + 0.422 = 273.422
237 × 0.01


Thus, the numerical solution from Thermal Freetop is consistent with the analytical
solution.
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(8.24)

8.6 Example 02: A Bar Consisting of Two Materials with Heat Flux on the Bottom Side and Fixed Temperature on the Top Side as Boundary Conditions(BCs)
In this section we are going to solve the heat conduction equation with the parameters
listed in table-8.2 to get the temperatrue of the side where the heat flux enters the bar.
Example 02 is only different from example in section-8.5 in that there are two materials
with different thermal conducitvity k involved, and the connection between these two
materials are ideal (e.g., the temperature on the interface of them should be the same).
Again, we will walk through the procedure of Thermal Freetop, and show the user how to
solve such problem. We will also verify the solution from Thermal Freetop with the
analytical solutions by applying the parameter in table-8.2 to equation-8.23.
Table 8.2: Parameters needed for example 02.
Heat flux
h[W/m2 ]
Surface area
A[m2 ]
Length of material 1
L1 [m]
Length of material 2
L2 [m]
Heat input
Q̇in [W ]
Temperature as BC
Tc [K]
Thermal conductivity of material 1 k1 [W/(K × m)]
Thermal conductivity of material 2 k2 [W/(K × m)]
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100
0.01
0.3
0.7
1
273
35.3 (Lead)
237 (Aluminum)

(a) Side view of system in example 02. (b) Top view of system in example 02.

Figure 8.11: Dimensions of example 02.

Figure 8.12: Meshed model of example 02.
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8.6.1 Solving Example 02 with Thermal Freetop
Exampple 02 is different from example 01 in that there are two materials involved (lead,
and aluminum).
Thus, we need to edit two bodies (figure-8.13 and figure-8.14).
The remaining steps are similar to those of example 01.
The result is depicted in figure-8.15

Figure 8.13: Edit one of the two bodies: applying lead to this body.
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Figure 8.14: Edit one of the two bodies: applying aluminum to this body.
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Figure 8.15: The visualization of result. The temperature to be determined is about 274.145
K.

8.6.2 Discussion
The numerical solution of this example on the plane where heat flux entering the system is
about 274.145 K.
By solving equation-8.23, we get:
100 × 0.01 × 0.3
100 × 0.01 × 0.7
+
T (x1 ) = 273 +
237 × 0.01
35.3 × 0.01
= 273 + 0.295 + 0.850
= 274.145








Thus, the numerical solution from Thermal Freetop is consistent with the analytical
solution.
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(8.25)
(8.26)
(8.27)

8.7 Example 03: A Bar Consisting of Three Materials with Heat Flux on the Bottom Side and Fixed Temperature on the Top Side as Boundary Conditions(BCs)
In example 03, three differenct materials are invloved, and the procedure we are going to
walk through is pretty similar to those in the previous sections.
Table 8.3: Parameters needed for example 03.
Heat flux
Surface area
Length of material 1
Length of material 2
Length of material 3
Heat input
Temperature as BC
Thermal conductivity of material 1
Thermal conductivity of material 2
Thermal conductivity of material 3

h[W/m2 ]
A[m2 ]
L1 [m]
L2 [m]
L3 [m]
Q̇in [W ]
Tc [K]
k1 [W/(K × m)]
k2 [W/(K × m)]
k1 [W/(K × m)]

100
0.01
0.1
0.4
0.5
1
273
35.3 (lead)
237 (aluminum)
80.2 (iron)

(a) Side view of system in example 03. (b) Top view of system in example 03.

Figure 8.16: Dimensions of example 03.
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Figure 8.17: Meshed model of example 03.

8.7.1 Solving Example 03 with Thermal Freetop
Exampple 03 is different from example 01 in that there are three materials involved (lead,
iron, and aluminum).
Thus, we need to edit three bodies (figure-8.18, figure-8.19 and 8.20).
The remaining steps are similar to those of example 01.
The result is depicted in figure-8.21
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Figure 8.18: Edit one of the three bodies: applying lead to this body.
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Figure 8.19: Edit one of the three bodies: applying aluminum to this body.
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Figure 8.20: Edit one of the three bodies: applying iron to this body.
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Figure 8.21: The visualization of result. The temperature to be determined is about 274.076
K.

8.7.2 Discussion
The numerical solution of this example on the plane where heat flux entering the system is
about 274.076 K.
By solving equation-8.23, we get:
0.1
0.4
0.5
T (x1 ) = 273 +
+
+
35.3 × 0.01
237 × 0.01
80.2×0.01
= 273 + 0.283 + 0.169 + 0.623
= 274.076












Thus, the numerical solution from Thermal Freetop is consistent with the analytical
solution.
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(8.28)
(8.29)
(8.30)

Chapter 9 Thermal Radiation

The lowest temperature is 0 Kelvin, and anything with temperature higher than that
radiates energy. To start the discussion, we consider an ideal case of radiation: black body
radiation.
9.1 Blackbody Radiation
A blackbody is a perfect emitter and absorber of radiation energy; it absorbs all incident
radiation regardless of wavelength and direction.
Also, it emits radiation energy uniformly in all directions per unit area normal to direction
of emission. Thus, a blackbody is a diffuse emiiter, which means the emitted energy is
independent of direction.
9.1.1 Stefan-Boltzmann Law
Eb (T )[

W
] = σT 4
m2

(9.1)

where σ = 5.670 × 10−8 W/m2 · K 4 is the Stefan-Boltzmann constant, and T is the
absoulte temperature. Note that equation-9.1 represents the total amount of energy per
area emitted through all the wavelength.
9.1.2 Planck’s Law
Sometimes we are interested in the spectral blackbody emissive power, which depends on
the wavelength of radiation:

Ebλ (λ, T )[

W
C1
]= 5
· µm
λ [exp(C2 /λT ) − 1]

m2

(9.2)

where
C1 = 2πh(c0 )2 = 3.74177 × 108 (W . . . µm4 /m2 )
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(9.3)

C2 = hc0 /k = 1.43878 × 104 µm . . . K

(9.4)

Also, T is at Kelvin, λ is the wavelength of the radiation emitted, k = 1.38065 × 10−23 is
the Bolttzmann’s constant. Equation-9.2 is called Planck’s law and it is valid for a surface
in a vacuum or a gas.
9.1.3 Wien’s Displacement
The wavelength at which the peak occurs for a specified temperature is described by
Wien’s displacement:
(λT )max [µm · K] = 2897.8
(9.5)
Wien’s displacement can be derived by the first derivative of Planck’s law:
d
Ebλ = 0.
dλ

(9.6)

and get the relation between frequency and temperature.
9.1.4 From Planck’s Law to Stefan-Boltzmann Law
Stefan-Boltzmann law (equation-9.1) can be derived by integrating Planck’s law
(equation-9.2) through the whole frequency:
Z ∞
W
Ebλ (λ, T )dλ = σT 4
Eb (T )[ 2 ] =
m
0

(9.7)

9.2 Emissivity
Equation-9.1 is only valid for ideal radiation emitter and absorber (e.g., black body). For
materials in the real world, the energy emitted or absorbed through radiation on the
surfaces is less than that on the black body. Thus, we need new properties to describe the
radiation behaviours on the surfaces of real materials.
Emissivity is defined as the ratio of radiation energy emitted by the surface on
the real materials to that of the black body surfaces., and is denoted as .
The range of emissivity is:
0 ≤ ≤1.
For black bodies, the emissivity is 1, and for real materials equation-9.1 needs to be
modified to:
W
Eb (T )[ 2 ] = σT 4 .
m
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(9.8)

(9.9)

Generally, emissivity is function of both direction and wavelength of the radiated
electromagnetic waves:
 = (θ, λ),

(9.10)

where θ indicates the direction of the radiation, lambda is the wave length of the radiated
electromagnetic waves.
To simplify the analysis, we have two approximations: diffuse surface and gray surface.
The difference between different approximations is listed in table-9.1
Table 9.1: Emissivity approximations and their effects.
Real surface
Diffuse surface
Gray surface
Diffuse, gray
surface

:
:
:

 = (θ, λ)
(θ) = constant
(λ) = constant

:  = constant

Diffuse surface means that the emissivity doesn’t depend on the directions, and gray
surface means that the emissivity doesn’t depend on the wavelength.
9.3 Solving the One-Dimensional and Steady-State Heat Conduction Equation
with Heat Flux and an Emitting Surface as Boundary Conditions(BCs)

Figure 9.1: Schematic of the one-dimensional and steady-state heat conduction and radiation
example problem.
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9.4 Example 01: A Plate with Heat Flux on the Bottom Side and Emitting
Surface on the Top Side as Boundary Conditions(BCs)
In this example, we will solve the system which figure-9.1 depicts with the parameters
listed in table-9.2.
This is an one-dimensional, steady state problem. Note that the temperature on the
surface where this system emits energy is not known this point. We need to start from the
assumption that claims the system is one-dimensional, and steady-state.
Since it is steady state, we have the following relationship
4
Q̇in = σA(Tc4 − Tds
)

(9.11)

where
1. : the emissivity of the surface where the system radiates energy; it is a constant in
this case. ( = 0.6)
2. σ : the Stefan-Boltzmann constant.
3. A: the surface area of the plane where the heat flux enters the system. It is also the
cross section area in this case.
4. T (x1 ): the temperature of the surface where heat flux enters the system.
5. Tc : the temperature of the surface where it radiates energy.
6. Tds : the temperature of deep space, and it is 15 K in this case.
With equation-9.11 and information from table-9.2, there is only one known Tc in this case.
Thus, we can obtain Tc .
To get T (x1 ), we need to solve equation-8.23.
Table 9.2: Parameters needed for radiation example 01.
Heat flux
Surface area
Thickness of material
Heat input
Emissivity on the top side
Thermal conductivity of material 1
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h[W/m2 ]
A[m2 ]
L[m]
Q̇in [W ]

k [W/(K × m)]

10
1
0.1
10
0.6
237 (aluminum)

Figure 9.2: Isometric view of example 01 with dimensions.

Figure 9.3: Meshed model of example 01.

9.4.1 Solving Example 01 with Thermal Freetop
The steps of solving this problem are listed below:
1. Apply the material property and initial temperature to the system. (figure-9.4)
2. Edit the surface property and the external temperature as that of deep space of the
surface where the system radiates energy. (figure-9.5)
3. Add the heat flux to the surface where the heat enters the system. (figure-9.6)
4. Edit the nonlinear relaxation setting since this is a nonelinear problem( T 4 ).
(figure-9.7)
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5. Start the simulation.
The result is shown in figure-9.8.

Figure 9.4: Apply material (aluminum) to the body of the system and set the initial temperature to be 100 K.
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Figure 9.5: Apply the properties on the surface where the system radiates energy. (emissivity
= 0.6, deep space temperature = 15 K).
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Figure 9.6: Apply the heat flux on the surface where it enters the system.
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Figure 9.7: Set the nonlinear relaxation factor to be 0.65, which is a must in such nonlinear
system.
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Figure 9.8: The result: T (x1 ) = 130.948 K and Tc = 130.944 K.

The numerical solutions show that the temperature on the surface where the system
radiates energy to the deep space is
Tc = 130.944K.

(9.12)

and the temperature on the surface where heat enters the system is
T (x1 ) = 130.948K

(9.13)

9.4.2 Discussion
Now we want to verify the numerical solutions by comparing them with the analytical
solutions. To get Tc analytically
10 = 0.6×(5.67×10−8 )×1×(Tc4 − 154 )

(9.14)

Tc = 130.9439≈130.944K.

(9.15)

and we get

Since we have Tc now, and this is an one-dimensional and steady state problem, we could
obtain T (x1 ) from

10 = 237×1×

T (x1 ) − 130.944
0.1
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(9.16)

and we get
T (x1 ) = 130.9482≈130.948K

(9.17)

To this point, we have shown that the numerical solutions from Thermal Freetop are
consistent with the analytical solutions in this case.
9.5 Example 02: A Thicker Plate with Heat Flux on the Bottom Side and Emitting Surface on the Top Side as Boundary Conditions(BCs)
This example is different from that in section-9.4 in that the thickness of the system is as
five times as that of the example in section-9.4 (figure-9.9). Since the heat flux, surface
area, emissivity remain the same (table-9.3), we should expect that Tc is still of the same
value. The only difference is T (x1 ) due to the fact that the system is thicker, so it takes the
temperature difference between the two surfaces to be larger to reach steady state.
Table 9.3: Parameters needed for radiation example 02.
Heat flux
Surface area
Thickness of material
Heat input
Emissivity on the top side
Thermal conductivity of material 1

h[W/m2 ]
A[m2 ]
L[m]
Q̇in [W ]

k [W/(K × m)]

10
1
0.5
10
0.6
237 (aluminum)

Figure 9.9: Isometric view of example 02 with dimensions.
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Figure 9.10: Meshed model of radiation example 02.

9.5.1 Solving Example 02 with Thermal Freetop
The steps are identical to those in section-9.4 and they are depicted from figure-9.11 to
figure-9.14
The result is shown in figure-9.15.
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Figure 9.11: Apply material (aluminum) to the body of the system and set the initial
temperature to be 100 K.
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Figure 9.12: Apply the properties on the surface where the system radiates energy. (emissivity = 0.6, deep space temperature = 15 K).
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Figure 9.13: Apply the heat flux on the surface where it enters the system.

59

Figure 9.14: Set the nonlinear relaxation factor to be 0.65, which is a must in such nonlinear
system.
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Figure 9.15: The result: T (x1 ) = 130.965 K and Tc = 130.944 K.

The numerical solutions show that the temperature on the surface where the system
radiates energy to the deep space is
Tc = 130.944K.

(9.18)

and the temperature on the surface where heat enters the system is
T (x1 ) = 130.965K

(9.19)

9.5.2 Discussion
Now we want to verify the numerical solutions by comparing them with the analytical
solutions. To get Tc analytically
10 = 0.6×(5.67×10−8 )×1×(Tc4 − 154 )

(9.20)

Tc = 130.9439≈130.944K.

(9.21)

and we get

Since we have Tc now, and this is an one-dimensional and steady state problem, we could
obtain T (x1 ) from
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T (x1 ) − 130.944
0.5

(9.22)

T (x1 ) = 130.9651≈130.965K

(9.23)

10 = 237×1×
and we get

To this point, we have shown that the numerical solutions from Thermal Freetop are
consistent with the analytical solutions in this case.
9.6 Example 03: A Smaller Plate with Heat Flux on the Bottom Side and Emitting Surface on the Top Side as Boundary Conditions(BCs)
This example is different from that in section-9.4 in that the surface area of the system is
about one quarter of that of the example in section-9.4 (figure-9.16).
Table 9.4: Parameters needed for example 03.
Heat flux
Surface area
Thickness of material
Heat input
Emissivity on the top side
Thermal conductivity of material 1

h[W/m2 ]
A[m2 ]
L[m]
Q̇in [W ]

k [W/(K × m)]

10
0.25
0.1
2.5
0.6
237 (aluminum)

Figure 9.16: Isometric view of example 03 with dimensions.
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Figure 9.17: Meshed model of example 03.

9.6.1 Solving Example 03 with Thermal Freetop
The steps are identical to those in section-9.4 and they are depicted from figure-9.18 to
figure-9.21
The result is shown in figure-9.22.
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Figure 9.18: Apply material (aluminum) to the body of the system and set the initial
temperature to be 100 K.
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Figure 9.19: Apply the properties on the surface where the system radiates energy. (emissivity = 0.6, deep space temperature = 15 K).
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Figure 9.20: Apply the heat flux on the surface where it enters the system.
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Figure 9.21: Set the nonlinear relaxation factor to be 0.65, which is a must in such nonlinear
system.
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Figure 9.22: The result: T (x1 ) = 130.948 K and Tc = 130.944 K.

The numerical solutions show that the temperature on the surface where the system
radiates energy to the deep space is
Tc = 130.944K.

(9.24)

and the temperature on the surface where heat enters the system is
T (x1 ) = 130.948K

(9.25)

9.6.2 Discussion
Now we want to verify the numerical solutions by comparing them with the analytical
solutions. To get Tc analytically
2.5 = 0.6×(5.67×10−8 )×0.25×(Tc4 − 154 )

(9.26)

Tc = 130.9439≈130.944K.

(9.27)

and we get

Since we have Tc now, and this is an one-dimensional and steady state problem, we could
obtain T (x1 ) from
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2.5 = 237×0.25×

T (x1 ) − 130.944
0.1

(9.28)

and we get
T (x1 ) = 130.9482≈130.948K
To this point, we have shown that the numerical solutions from Thermal Freetop are
consistent with the analytical solutions in this case.
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(9.29)
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